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We study the interplay among noise, weak driving signal and coupling in excitable FitzHugh-Nagumo
neurons. Due to coupling, noise-sustained oscillations become locked to the signal as functions of both signal
frequency and noise intensity. Higher ordern locking tongues and various array-enhanced resonance
features are demonstrated. This resonance and locking behavior due to a time scale matching between
noise-sustained oscillations and the signal is fundamentally different from stochastic resonance in usual noisy
threshold elements.
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I. INTRODUCTION noise intensity depends did [14,15. However, it has not

The response of a nonlinear svstem to a weak sianal h et been shown whether the frequency of the noise-sustained
P : Y W '9 ike train can belocked to (), similar to PL of self-

b,ee,n mve.stlgated. in various contexts. In a self-sustained P&ustained oscillations, especially for signals well below the
riodic oscillator with a natural frequenay,, the system ad- i, ashold.
justs i_ts time sqale, achieying frequency and phase Iocking to Recently, the interest in SR and CR has been shifted to
the signal. Th_|s conventional resonance of ph_ase |0Ck'n%patiotemporal systenfd6-19. Array-enhanced SR17],
(PL) due to time scale matching is characterized by arprray-enhanced CR0,21], noise-enhanced synchronization
Arnold tongue locking region with respect to the amplitéde [18 21,23 and clustering[23] have been demonstrated in
and frequency of the signal; locking can be achieved with coupled bistable or excitable elements. Although it has been
almost vanishingA when the frequencies match, i.en)  shown that global coupling of bistable elements makes SR
~Nwg. Itis of fundamental importance in various fieldsd, sensitive to() [19], still, it is not known whether there is a
and has been extended recently to chaotic oscilldtbr<l]. locking of the frequency and the phase to a very weak signal.
Noise can induce oscillations in threshold systems. Sto- In this Rapid Communication, we demonstrate that, due to
chastic resonancSR) [5] occurs when the noise-controlled coupling, the noise-sustained oscillations in excitable sys-
mean switching intervaT) is close to the period, of the  tems achieve frequency and phase locking to weak signals as
signal and the response becomes optif@at8]. An effec-  a result of time scale matching. Our model is a chairNof
tive, stochastic frequency and phase lockiB&L) occurs in  locally coupled FitzHugh-Nagum@HN) neurong13,18,
an Arnold tonguelike parameter region of the noise intensity . _ . _ /,3/2y _\,. . oy
D and the signal amplitude, for Arather close to the thresh- <1 (x73) Y|+Acosﬂt+g(x|+1+x,_l 2%,
old [8]. SR and SPL, however, are fundamentally different yi=x;+a+D§&, 1)
from conventional resonance and PL in self-sustained oscil-
lators, because the noise-induced oscillations in overdampe#dith a periodic boundary condition. Whes=0.01 anda
bistable systems have no deterministic natural frequédty = 1.05, the neurons are in an excitable regirh@|. We take
In fact, the optimaD of signal-to-noise ratio is independent g=0.05 for the coupling strength arfd is the intensity of
of the signal frequency for a slow enough signal, and SR Gaussian noiset;, (&(t)é;(t—7))=4;;6(7). To demon-
can also occur foaperiodicsignals, both in excitablg9] and ~ strate the significant role of the coupling, we compare the
bistable[10,11] systems. While SPL exhibits a resonancechain to a single uncoupled neuroN£1).
behavior with a change dd, it does not simply obey a time To characterize the locking behavior, we introduce a
scale matching condition and does not display a locking anghase in  each cell ¢;(t)=27[(t—7)/(7j 1~ 7]
a resonance behavior with respect(®0[8,11] in terms of  +2wk(7<t<mc 1), wherer is the time of thekth firing
synchronization measures. Consequently, a higher onder in the ith cell. The mean firing frequency=27/(T) is
locking (i.e., m switching events for everp periods of the  computed from the mean vald&) of the pulse intervall}
signa) does not occur when the signal frequency moves to= 7l .. — 7. = by averaging over time and space.A¢ 0, the
approximately (/m) [8]. In fact, effective SPL can also be npjse-induced mean spontaneous frequeiF) wo(D)
achieved for close-to-threshold stochastic signsll], jncreases with the noise intensiby
such as dichotomic noise.
In excitable systems, noise alone can generate the most
regular spike trains separated by a fluctuating intefuglbse
to the refractory timél, of the spikes. Due to this coherence  Here we describe briefly the behavior without signal, i.e.,
resonancéCR) [12,13 behavior, SR of an excitable system A=0. In uncoupled neurons subjected to noise, the firing
shows a sensitivity to higher signal frequencies: the optimahctivity becomes the most coherent at a certain optimal noise

Il. CR AND ARRAY-ENHANCED CR
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— 107 FIG. 1. Different responses of
E/ 107 a single N=1) and an array N
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5 =10"17% lower panel: D
10 =10"13 Distribution of inter-
spike interval atA=0 (a),(d) and
107" A=0.03 (b),(e). Phase difference
= between the spike traifrandomly
10 selected neuron in the arfagnd
E/ 10° the signal(c), (f) corresponding to
(b),(e). The signal period is in-
107 dicated by the dashed lines in
10° L (@),(b),(d),(e).
1000 2000
time

intensity[13]. When coupled to an array, the spike of a neu-1(c)]. In contrast, in the arra?(T) becomes sharply peaked
ron may propagate in the chain to excite its neighboringaround the signal period. [Fig. 1(b)] and the phase is
neurons. This mutual excitation may induce some neurons tiwcked to the signdlFig. 1(c)]. For a stronger noise, skipping
fire in a synchronized fashidri8,21,23 and enhance coher- of spikes still occurs foN=1, andP(T) displays a shoulder
ence in the noise-induced spike traj24]. at 2T, [Fig. 1(e)] and the phase is not lockddFig. 1(f)],
We measure the temporal coherence of the spike train@hile in the array, the originally sharp distribution is moved
based on the distributioR(T) of the pulse interval,. For  to a peak around [Fig. 1(e)] and phase slips occur very
a weak noisefD=10 15 Fig. 1(a)], both systems of a rarely[Fig. 1(f)].
single N=1) uncoupled neuron and an arraf=€ 30) of

coupled FHN neurons show a broad distribution, although Il. SR AND ARRAY-ENHANCED SR
the coupling has reduced the probability of long intervals. . _
For a stronger noisgD =101 Fig. 1(d)], the single neu- Now we study the response properties with respect to the

ron fires more coherently with more narrowly distribufed  noise intensityD for fixed signal frequencies. The mean fre-

but it still has some long intervals. In contrast, in the array,duency differenceAw=w— is computed forN=1 and

the distribution becomes very narrow and long intervals havéN=30.

been eliminated due to the coupling. The interplay between We measure the response coherenc&py[15],

the noise and the coupling generates oscillations in the neu-

rons very similar to a noisy periodic one. We measure the R _Te (lM)TeP(T)dT @

coherence bR-g=(T)/ o1, whereo is the standard devia- SR ol a-wr, '

tion of P(T). An array-enhanced CR1] can be seen clearly

by a much larger maximéRcg in the array with a smaller This quantity takes into account both the fraction of spikes

optimal noise intensityFig. 2). The behavior is similar foN  with an interval roughly equal to the forcing periog,

as large as thousands. =2x/Q and the jitter between spik¢45].

The two systems also have quite different responses to the In both systems we depict the results of these measures

same subthreshold signal with a peribgclose to the peak for () equal to or smaller than the NIMib,(D) whenRcg

of P(T) (Fig. 1, dashed lingsFor weak noise, an uncoupled (Fig. 2) is maximal @,=1.6 forN=1 andwy=1.75 forN

neuron may fail to fire a spike at some periods of the signal=30). For N=1, the mean frequency differencAw

and a few peaks aiT, show up inP(T) [Fig. 1(b)], as is  changes monotonously witB, crossing zero at the noise

typical of usual SR systems at weak noise levels. The phasgstensityD,, (dotted liné which generates a matching of the

are not locked due to this occasional skipping of spk8g.  NIMF to the signal frequencf, i.e., wo(D o) =. Thus the
spiking frequencyw is not locked by the signdFig. 3@)],

2@ ] 27 0 ] although the coherence factBgg exhibits a maximum and
cot 10 ] the optimal noise intensit,,; of Rgg depends oif) and is
0:012 . i 12 a ] close toD, [Fig. 3b)], as observed in Refl14]. An effec-
0 seageent s ol L tive SPL similar to Refs[8,11] can be observed fok rather
20 ‘1'?09 G "'fog p’® P close to the threshold in the presence of weak noise. In the
10 10

array, there exists a locking region aroubg,, where the

FIG. 2. Coherence resonan¢ER) in the single neuron, with Spiking frequency is i_ndependent Qfand is locked to the
optimal noise intensiyD=10"'" (a), and array-enhanced CR in signal frequency() [Fig. 3(c)]. Rsg increases, and impor-
the array N=230), with optimal noise intensitpp =103 (b). tantly, the maximal value in the array is much larger than that
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FIG. 3. Mean frequency differenckw (a),(c) and response co- o8 12 91 6 2008 12 Q1-6 2008 1.2 Q1.6 2.0

herenceRgg (b),(d) versus noise intensity for A=0.03. Left panel
(a),(b): N=1; right panel(c),(d): N=30. The vertical dotted lines FIG. 5. Comparison of the locking behavior bf=1 (upper
in (a) and(c) denote the noise intensiti€, generating the NIMF 3065 andN =30 (lower panel neurons at various noise intensities
wo(Dg)=1. D=10"175(a),(d), D=10"15 (b),(e), andD = 1013 (c),(f). Filled
dots, effective locking region| A w|<0.002) of the noisy systems.
in uncoupled neurons. Thus we demonstrate an arraypashed line, the threshold beyond which the noise-free systems
enhanced SR17] similar to coupled bistable systems. generate sustained spike trains. Above the solid lines is the 1:1
superthreshold locking region of the noise-free systems.

IV. CONVENTIONAL RESONANCE and synchronized response only occurs when the signal ex-
AND ARRAY-ENHANCED PL ceeds a threshold. We find that uncoupled neurons and an
array of coupled neurons display almost the same
Q) -dependent firing threshold-ig. 5, dashed lindsand the
Same 1:1 superthreshold response regf€g. 5, above the
solid lineg. A small noiseD=10" %" can induce an occa-
sional skipping of spikes in an uncoupled neuron, thus the
1:1 superthreshold response is no longer perfect. An effec-
tive locking region {Aw|=<0.002) is found only at a quite
large superthreshold amplitud& [Fig. 5@)], including a
small subthreshold region for small. At D=10" 1%, such
an effective locking region shrinks considerably and it only
appears in the superthreshold reg[étg. 5b)], and it dis-
appears effectively at an even stronger noise leel

For a fixed noise intensit), we now consider a range of
the driving frequency) close towq(D). In Fig. 4,Aw and
Rggr are shown for two noise levels, smaller and equal to th
optimal noise intensity oRcg in Fig. 2. The corresponding
NIMF wq(D) is shown by the vertical dotted lind$igs.
4(a),4(c)]. ForN=1, Aw crosses zero aby(D), but it does
not show any plateaus of lockir{grig. 4(a)], althoughRsg
exhibits a weak resonance with respecfXdFig. 4(b)]. For
N=230 the behavior is quite different. At a weak noise, the
spike train is locked to the signal in a large range (bf
>wo(D). Rgrincreases witlf), reaches its maximal value

whenT.=27/Q is very close to the peak value B{(T) at "7 13 caLi )
A=0 [Fig. 1(a)], and decreases quickly at largerwhen the 10 . [F|g..5(c)] even though the noise-induced spontane
ous spike trains are more coherent here.

$y5<t?rm I?hr;mr(g‘trj;%l:ofgotlijn%g tgfgtigeg[ﬁ(;s' 1 Azgs:pfg_slgswhen An coupled array, in contrast, displays a much more
w%ichr(’)ptimizesR (Fig. 2), the locking re.gion becomes promine.nt Iockipg behavior. @:10—1-75, the supe(thrgsh-
quite symmetric acrgund N”\}”a) (D). and Ry, attains the oId. locking region of the nmse-frge systgm remains intact,
maximum very close tay(D) Coom ,ared tds\lR:l Resis while a large subthreshold locking region &> wy(D)

y o=/ P ' 'SR emerges. AD=10 ', locking can be achieved with almost

much larger forN=30. We thus demonstrate an array- o .
enhanced PL in the sense of a strongly enhanced response\féf(')siql_g gtrfé V\;gglr(]ir? ?Qozoa;]()(s,[r)]zinrg:t;hb[[?ig. ;(fe))]] aAr: dDit
a weak signal by frequency and phase locking. ; g reg 9. ’

Now we study systematically the locking behavior in theShrmkS further for even largdd. This is similar to shrinking

. : : rnold tongue of self-sustained oscillators with increasing
space (2,A). In a noise-free excitable system, a sustaine oise[24]

Higher orderm:n locking regimes, have also been ob-

08 l,\ji%;&% T @ o o served(Fig. 6). It is seen again that a:n locking can be
§ oofp- M Y R achieved with almost vanishilgwhenmQ~nwy(D). The
Py S e SV I S locking regions are no longer confined by the borderlines of
ig oo ‘(b‘) b the superthreshold locking regions of the noise-free system;
230 | +» D=10"" L | o[ D=0 B in contrast, they become centered aroundn{)wqy(D)
o 20 o TD=t0 - which moves withD. We emphasize that am:1 (m>1)
‘-g » L 1 , superthreshold locking region does not exist in the noise-free

®%0 12 12 16 18 20 22 0508 1.0 12 14 16 18 20 system, while in the noisy array, a 2:1 region is observable.
Q Q The results in the above sections have shown that, the
FIG. 4. Mean frequency differenckw (a),(c) and response co- interplay between noise and coupling has generated oscilla-
herenceRsR (b),(d) versus signal frequenc@ for A=0.03. Left  tions in excitable media very similar to self-sustained oscil-
panel(a),(b): N=1; right panel(c),(d): N=30. The dotted lines in lators. The system achieves resonant response really due to a
(@ and(c) denote the NIMFwy(D). matching between the noise-induced time scales@nés
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FIG. 6. m:n Arnold tongues for an arrayN=30) with D ) ) )
=10"15 The dashed line shows the spiking threshold and the solid F!G- 7. Collective response in a larger array whtk-500 versus

lines are borderlines of the:n superthreshold locking region at Zoisg(;gtensitw () and signal frequenc§) (b). Signal amplitude
D=0. —U.Us.

conventional resonance and PL in self-sustained periodic ogandomly distributed parametey in the excitable regime for
cillators. In this way, the coupling has enhanced significanthdifferent neurons.

the response sensitivity of the neurons to very weak sub-

threshold signals compared to uncoupled ones. VI. SUMMARY

In summary, we have shown that the interplay between
V. RESONANCE OF COLLECTIVE RESPONSE coupling and noise can have a significant role in enhancing
he resonant response of excitable systems, as manifested in
he locking of the frequency and the phase with respect to
bothD and(). Resonances and locking occur really due to a
matching between the noise-controlled time scale and that of
the signal. Higher ordem:n locking has been observed in
noise-induced oscillations. Various array-enhanced reso-
- : A nances may be important in neural systems, since coupling
array shows a very similar CR behaviorMs=30 in Fig. 2, a4 poise togetherF():an establish a much higher sensitiviFt)y to

2, 2 e ;
and o/ oy exhibits a small maximal value~0.1) at the ok the frequency and the amplitude of signals by a syn-
optimal Rcg. With a weak signal, we observe locking of the .nronized collective response.

spike trains of the neurons to the signal as functions of both
D and() (Fig. 6), as in the smaller arraf=30. WhenD or

Q) moves into the locking region, the mean respoX$e)
consists of a spike train with the phase locked to the signal. The authors thank J. Garcia-Ojalvo, L. Schimansky-Geier,
o%lo? increases quickly and reaches a maximal value ofind J. Freund for helpful discussions. This work is supported
about 0.75. The locking and resonance behavior demorby the Humboldt FoundatiofC.Z.), and SFB 555D.F.G),
strated in homogeneous arrays are similar for arrays with thand the Hong Kong Research Grants CoufRilG.C).

Next we study the collective response of an array, whichi
is closely related to spatial synchronizatieee Fig. 7. We
consider a larger array withi=500 neurons and focus on
the mean fieIdX(t)zl/NEi’\':lxi(t). We compute the vari-
ance ofX(t), normalized by that of;(t), i.e.,o%/02, as an
indicator of the collective coherence. A=0, this larger
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